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Optimal Transport

Discrete Optimal Transport deals with empirical distributions, P̂ (x) = 1
n

∑n
i=1 δ(x − x(P )

i ), x(P )
i

i.i.d.∼ P .

One searches for an OT plan, π ∈ Π(P, Q) = {π ∈ Rn×m
+ :

∑n
i=1 πij = m−1 and

∑m
j=1 πij = n−1}. For

instance,
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Matching between samples

Given P and Q, and for a ground-cost Cij = c(x(P )
i , x(Q)

j ), OT is a linear program on {πij}:

π? = argmin
π∈Π(P,Q)

n∑
i=1

m∑
j=1

πijCij.

Based on the transport plan π?, [1] proposed to use the Barycentric mapping for domain adaptation:

Tπ?(xi
(P )) = m

m∑
j=1

πijx
(Q)
j

Wasserstein Barycenters and Multi-Source Domain Adaptation
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In multi-source domain adaptation, one has access to a set

of source distributions QS = {Q̂S`
}NS

`=1, and a target distri-

bution Q̂T . The goal is to adapt knowledge from QS to Q̂T .

The challenge comes from distributional shift: Q̂Si
6= QSj

,

i 6= j and QSi
6= QT , ∀i. Furthermore, the target domain is

unlabeled. Henceforth we denote,

hT = argmin
h∈H

RQT
(h),

hα = argmin
h∈H

NS∑
`=1

α`RQS`

Wasserstein Barycenter Transport [3]. Based on domain

adaptation theory [2], for classifiers hT and hα,

∆T (hT , hα) ≤ 2
NS∑
`=1

α`W1(QS`
, B) + W1(QT , B) +

N∑
`=1

α`λ`,

In [3], we make this bound tight by minimizing the highlighted terms on the r.h.s.,

B̂ = argmin
B

α1W1

(
, B

)
+ α2W1

(
, B

)
+ α3W1

(
, B

)
︸ ︷︷ ︸

Step 1: Barycenter Calculation

+ W1

(
, B

)
︸ ︷︷ ︸

Step 2
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Dataset Dictionary Learning [4]. Let Q =
{Q̂S`

}NS
`=1 ∪ {Q̂T } correspond to NS labeled

sources and an unlabeled target. Let A =
[α1, · · · , αNS

, αNS+1], and P = {P̂k}K
k=1. The P̂k’s

are an empirical approximation of the point clouds

that interpolate distributional shift and αT :=
αNS+1. For N = NS + 1, DaDiL minimizes ,

(P?, A?) = argmin
P ,A∈(∆K)N

1
N

N∑
`=1

L(Q̂`, B(α`; P)),

where, L(Q̂`, B̂`) = Wc(Q̂`, B̂`) for the sources,

and L(Q̂T , B̂T ) = W2(Q̂T , B̂T ), for the target.

Based on DaDiL we have two strategies for MSDA,

DaDiL-Reconstruction. Reconstruction of distributions through Wasserstein barycenters.

DaDiL-Ensembling: Ensemble of classifiers fit on atom data.
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ĥR = argmin
h∈H

R̂BT
(h)
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Empirical Results
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2375.81 2662.93 2950.04

88.02 90.78 93.54

88.75 91.20 93.65

2356.68 3034.20 3711.72

76.88 86.88 96.88

76.88 86.88 96.88
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98.64 99.32 100.00

96.61 98.31 100.00

2510.93 2917.88 3324.82

83.20 87.24 91.29

82.76 86.89 91.02

Perspectives

Novelty. We introduce the usage of (free-support) Wasserstein barycenters in MSDA [3, 4].

Challenges. Estimating OT in high-dimensional spaces.

Future Works. Applying MSDA on fault diagnosis [5], federated dictionary learning [6], dataset

distillation [7].
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